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ABSTRACT 
A review of close s a t e l l i t e  thcory as applied t o  determine 
geopotential from the orbitaZ motion of a r t i f i c i a l  earth s a t e l l i t e s  i s  
given. The most recent djnamical solutions (as of June, 1966) for 
geopotential coef f ic ients  obtained from the optical m d  D o p p  2er tracking 
of s a t e l l i t e s  are used t o  conpute the earth's anomalous gravity f i e l d  
i n  terms of geoidal undulations and gravity anomlies  with respect 
t o  the various reference el l ipsoids .  
a linear combination of three of the available solutions,  i s  also 
used for  the same purpose. 
the surface of the international reference e Zlipsoid i s  much greater 
than that  usually obtained from surface gravity data. 
the shorter wavelength component seem t o  be most poorly represented 
i n  the s a t e l l i t e  data. 
A 'mea  solution, ' obtained from 
The m a x i m  departure of the geoid from 
A s  expected, 
In t roduct ion  
This  r e p o r t  i s  composed of t h ree  sec t ions .  In  t h e  f i r s t  s e c t i o n  
w e  p re sen t  a summary of the  theory  of the  method used t o  determine t h e  
geopo ten t i a l  c o e f f i c i e n t s  from o r b i t a l  pe r tu rba t ions .  
In  the  second s e c t i o n  w e  descr ibe ,  very b r i e f l y ,  t h e  process  of  
determining geo ida l  undulat ions and g rav i ty  anomalies from a known set 
o f  g e o p o t e n t i a l  c o e f f i c i e n t s .  We expla in  the  va r ious  assumptiop:, t h a t  
a r e  u s u a l l y  made i n  the  a c t u a l  computational procedures  and explore  t h e i r  
i n  f lrience on the  r e s u l t s .  
Ln t h e  t h i r d  s e c t i o n  we descr ibe  the  r e s u l t s  w e  o b t a i n e d  and tabu- 
late the  da t a  used i n  the  computation of t he  r e s u l t s .  
One purpose of t h i s  r epor t  i s  t o  provide a r e a d i l y  a v a i l a b l e  
r e fe rence  t o  the  s tuden t s  of s a t e l l i t e  geodesy a t  t h i s  I n s t i t u t e .  
Per turbed  Equations of  Motion 
L e t  t he  r ec t angu la r  coord ina tes  of a system o f  p a r t i c l e s  be expressed 
by xi, yi, zi where i = 1, 2 ,  ... 1. 
of independent q u a n t i t i e s  q (s = 1, 2,  ...) and poss ib ly  of time t. 
The q,  
t h e  rmnimum number of independent coord ina tes  r equ i r ed  t o  d e f i n e  t h e  
system. We cons ider  o n l y  holonomic sys tems.  A system i n  which a r b i t r a r y  
i n f i n i t e s i m a l  changes i n  the  coordinates  desc r ib ing  i t  are p o s s i b l e  is 
s a i d  t o  b e  holonomic. The time d e r i v a t i v e s  of t he  gene ra l i zed  coord i -  
n a t e s  are c a l l e d  gene ra l i zed  v e l o c i t i e s  and are customari ly  denoted by 
4 . Denote t h e  Lagrangian func t ion  of t h e  system by L. Then wi th  t h e  
l f m i t a t i o n  t h a t  the  p o t e n t i a l  energy V is n o t  a func t ion  of velocit ies,  
we o b t a i n  the  Lagrangian equat ions  o f  motion i n  the  form (Becker, 1954, 
p. 331) 
Let  t hese  coord ina te s  be  func t ions  
are c a l l e d  the  gene ra l i zed  coordinates  and as noted above, are S’ 
where 
T = k i n e t i c  energy of  the system 
V = p o t e n t i a l  energy 
L = T - V  
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conjugate of p . 
If i n  the  system under d iscuss ion ,  t h e  e x p l i c i t  dependence upon 
i s  ca l l ed  genera l ized  momentum corresponding t o  qs o r  the  momentum 
S 
8 
the  general ized v e l o c i t i e s  e n t e r s  through T only,  then the  above def in-  
i t i o n  of p reduces  t o  (Becker, 1954, p.  335) 
S 
aT 
0 -  
Ps a i s  (3) 
In  the  express ion  f o r  Lagrangian L, the  p o t e n t i a l  energy V depends 
Hence we can w r i t e  L as 
on pos i t i on  and hence i s  a func t ion  of q ,  only,  while  t h e  k i n e t i c  
energy T i s  a func t ion  of both q s  and G s  . 
Then 
Eq3. (1) and (2) give 
Subs t i t u t ing  Eqs. (3) and (6) i n  (5) w e  ge t  
-5- . .  
which can b e  r e a d i l y  rearranged as 
Now d e f i n e  a q u a n t i t y  H s u c h  t h a t  
r 
s= 1 
H = 1 Ps 4, - L  (9) 
Then Eq. (8) becomes 
The q u a n t i t y  H,  def ined  by Eq. (9) is c a l l e d  t h e  Hamiltonian 
func t ion  of t h e  system and i s  H = T + V f o r  t he  system under d iscuss ion .  
and t and hence i s  4 s  Although L i s  an e x p l i c i t  funct ion of q ,  , e x p r e s s i b l e  as 
L. = L ( q s ,  4s, t ) ,  s = 1 ,... r 
t h e  Hamiltonian func t ion  H ,  f o r  the  same system can be expressed as 
T h i s  conversion i s  done by t h e  e l imina t ion  of t h e  genera l ized  
v e l o c i t i e s  wi th  t h e  he lp  of Eq. (2) .  
D i f f e r e n t i a t i o n  o f  Eq. (11) y i e l d s  
d H = f  - aH 
s-1 
Comparison of E q s .  (10) and (12) g ives  
aH - -  - 4 s  aid 
These equa t ions  are c.nlIcd Hamilton's canoni_cal equa t ions  .cf motion. 
Our problem now is t o  choosc those  v a l u e s  of t h e  canonica l  v a r i a b l e s  ps 
and qs, with  t h e  he lp  of which t h e  Hamiltonian equa t ions  of motion can 
be transformed i n  t e r m s  o f  the  Keplerian elements.  %my sets o f  va lues  
e x i s t  f o r  t h e s e  var iab le : ;  and each has i t s  own s u i t a h h l i t y  under d i f -  
f e r e n t  cond i t ions .  A conrmonly used set  i s  (Smart, 1961, p .  169) t h a t  of 
Delaunay v a r i a b l e s  : 
9 1  L =G= p1 ! ? , = P I *  
2 g = o = q  2 
G =  ri p a ( 1 - e ) : : ~  ': (14) 
In case o f  L? ccnt.r:.l I r e  f i e l d  the  f o r c e  F can be expressed as 
gradien t  of a s c a l a r  U .  ( - ) I  I ~ ~ C I  t h e  p o t e n t i a l ,  i . e . ,  
F = VU 
where 
.E 
r u =  (1.5) 
The e a r t h ' s  g r a v i t y  f i e l d  is ,  however, non-cent ra l  s o  t h a t  t h e  
a c t u a l  p o t e n t i a l  d e p a r t s  Irom t h e  form given  i n  Eq. (15) by, s a y ,  R and 
assumes t h e  form 
u = & +  x r (nsa) 
- 7- . .  
The  s m a l l  depar ture  R from t h e  sphe r i ca l  form i s  known as t h e  
d i s t u r b i n g  p o t e n t i a l .  
The k i n e t i c  energy T of a p a r t i c l e  of u n i t  mass moving wi th  a 
v e l o c i t y  v is given as 
1 2  
2 T = - v  
The energy equat ion (S terne ,  1960, p. 9) is given by 
The Hamiltonian func t ion  f o r  t he  type of system being considered 
here, can be w r i t  ten as 
H = T + V  
o r  i n  the  s ign  convention of geodesy, a s  
H = T - U  
The mean motion i s  given by 
S u b s t i t u t i o n  of E q s .  (16) and (16a) i n  Eq. (16b) along with t he  
f i r s t  member of Eq. (14), gives  the Hamiltonian func t ion  H i n  t h e  form 
-a- 
f 1 
- 1 - e2 aR 2 aR 
- 2  n a  e ae n a  aa 
-_-- - R = n -  
aR -1 
- 2  2 2  aa n a  (1 - e ) s i n  i 
1 h =  
Where a ,  e, R ,  w ,  i, M are t h e  u s u a l  o r b i t a l  e lements  and t h e  
mean motion i s  also def ined  as 
M n = -  t - - T  
- 
where T is  t h e  epoch o f  pe r igee  passage. 
In Eqs. (17), R has been regarded as t h e  d i s t u r b i n g  g r a v i t y  
p o t e n t i a l  but t h e  above equa t ions  are a l s o  v a l i d  when R is t h e  g e n e r a l  
d i s tu rb ing  func t ion .  
Conversion of  Sphe r i ca l  Harmonic Di s tu rb ing  P o t e n t i a l  t o  Kepler ian  Elements 
In terms of s p h e r i c a l  harmonics t h e  g r a v i t y  p o t e n t i a l  V of t h e  e a r t h  
a t  an e x t e r n a l  p o i n t  can be expressed  as 
-9 - 
The d i s t u r b i n g  p o t e n t i a l  R is then 
cos mX + S s i n  mA) Prim ( s in$)  (19) 1 
n n w 
R = " [ Z  r 11x2 m=O (F) (Cnm nm 
and a g e n e r a l  t e r m  of R is  
n GM a 
cos mX + S s i n  mh) P ( s in$ )  (20) R nm =-(f) r (cnm nm nm 
In  t h e  above express ions  a i s  the e q u a t o r i a l  r a d i u s  of t h e  e a r t h  e and the  o t h e r  n o t a t i o n s  have the usua l  meaning. 
We wish t o  expres s  t h e  gene ra l  term R of t h e  d i s t u r b i n g  p o t e n t i a l  nm i n  terms of t h e  Kepler ian elements.  
To do t h i s ,  f i r s t  consider  the  spherical  t r i a n g l e  formed by t h e  
o r b i t ,  t h e  equator ,  and the  s a t e l l i t e  meridian.  
- 
Y 
From well-known formulas of s p h e r i c a l  tr igonometry,  w e  ob ta in  
s i n  i s i n  u 
s i n  6 s i n  6 
-- - -  (Smart, 1965, p .  10, Formula B) (21a) 




cos u = cos (a - n) cos4 + s i n  (a - n) sin4 cos s 
(Smart, 1965, p .  7 ,  Formula A) 
cos u Which g ives  cos (a - Q) = -cos + 
Again from the same spherical  tr iangle ,  w e  can get 
0 
s i n  u cos  i = cos4 s i n  (a - a) - sin+ cos (a - n) cos  s 
(Smart, 1965, p .  10,  Formula C) 
sin u cos i 
cos $ which g ives  s i n  ( a  - Q) = 
Now let  
8 = the Greenwich s iderea l  time 
then 
0 + h = a  or 
Write 
m)t = m(a - 0 )  = m ( a  - Q) + m(Q - 8) 
X = a - 0  
-11- 
then 
cos d = cos m ( a  - 62) cos m(Q - 0 )  - s i n  m(a - Q) s i n  m ( n  - e)  
and (22) 
s i n  mX = s i n  m ( a  - Q) cos m(Q - 0)  + cos m ( a  - Q) s i n  m(62 - e ) .  
Fu r the r ,  i f  i n  the complex v a r i a b l e  n o t a t i o n ,  we mean t h a t  
R e  = the  real p a r t  of a complex express ion  
then 
m cos m x = Re(cos m x + i s i n  m x) = Re(cos x + I! s i n  x) 
m-s S 
= Re f [ is c o s  x s in  x 
s=o 
and s i m i l a r l y  




= R e x  (:I z cos x s in  x 
Where (:) i s  t h e  binomial c o e f f i c i e n t  and 
and i =fi- 
-12- 
Applying Eqs. (21b),  (21c),  (23a) ,  and (23b) t o  E q .  (22) We ge t  
( a f t e r  a l i t t l e  a l g e b r a i c  s i m p l i f i c a t i o n )  
m-s 9 S m cos u s i n  u cos i 
cos  mX - R e  1 [ f )  is 
sa0 cosm 4 
+ i s i n  m(n - e ) ]  
m-s S S m cos u s i n  u cos  i 
s i n  mh = R e  1 I:] is 
s=o cosm 4 
- i cos  m(Q - e ) ]  
( s i n  4 )  i s  def ined  t o  be (Hobson, 1931, p. Pnm 
[cos m(n - e)  
( 2 5 )  
[ s i n  m(Q - e) 
(26) 
91) 
2 cosm 4 dnh ( s i n  4 - 1)" n+m Pnm ( s i n  4) = 2"n! d ( s i n  4) 
Expanding ( s i n 2  4 - 1)" by binomial  theorem, w e  ge t  
and by success ive  d i f f e r e n t i a t i o n  
Q n-m-2 t [ :) ( - 1 1 ~  s i n  
where k = - (n-m) , f o r  (n-m) even 2 
(n-m- 1)  , f o r  (n-m) odd = 2  
-13- 
Using Eq. (21a) we  o b t a i n  
t 
n-m-2 t n-m-2 t 
(2n-2t): (-1 m 
= cos .s (:I s i n  i s in  U 
(n-m-2t)l n! L t-0 2" 
S u b s t i t u t i n g  Eqs. (25) ,  (26), and (27) i n  Eq. (20) w e  o b t a i n  
n-m-2 t 
n 
i nm r (n-m-2t)l n! t = O  
(27) 
m 
S m-s n-m-2 t+s s i n  m(Q - e ) ]  [:I is cos i cos  u s i n  U 
s=o 
Digress  f o r  a moment t o  cons ider  the  i d e n t i t i e s  
i x  i X  e + e  
2 cos x = 
i x  -i x 
e - e  = - i (e i x  - e i x )  
2 i  2 s i n  x = 
Then 
- .-ix)] a [ eix ; eGX] b 
s i n  a x cos b x = + b e  i x  
Expanding t h e  exponent ia l  expressions i n  the  b r a c k e t s  by binomial 
theorem and applying a l i t t l e  a lgebra ic  s i m p l i f i c a t i o n ,  w e  ob ta in  
-14- 
a b  
(-'la 
s i n  x cos x =  1 [ :)I i )  (-1)' [cos(a+b-2c-2d) x a b 
?a+b L c=O d=O 
+ i sin(a+b-2c-2d) XI 
where u s e  has been made of t h e  i d e n t i t y  
imx e = cos mx + i s i n  mx 
Now, applying Eq. (29) t o  t h e  under l ined  p a r t  of Eq. (28) ,  w e  g e t  
n-m-2 t i 
n k  
KI sin r (n-m-Zt)! n! t = O  
Re[(Cnm -i S ) cos  m(Q - 8) + (i Cnm + Snm) s i n  m ( n  - e ) ]  nm 




m-s 1 (n-m-2t+S) (","I (-1)' [cos(n-2t-2c-2d)u + i 
C 
d=O 
s i n  (n-2 t-2c-2d) ul  
Now apply the  u s u a l  i d e n t i t i e s  f o r  t h e  products  and summations of 
t h e  t r igonometr ica l  func t ions  t o  t h a t  p a r t  of Eq. (30) which con ta ins  t h e  
products of t h e  t r i gonomet r i ca l  func t ions  of (Q - 8) and u .  Fu r the r ,  
s i n c e  R 
ou t .  T:melaborate: 
i s  real ,  all t h e  terms conta in ing  odd powers of i w i l l  c ance l  
-15- 
f o r  n-m even, 
t+s n-m - -  .n-m-2t+2s = (-1) 2 
Z 
and as s t a t e d  abclve,n2Al o t h e r  terms containing i t o  t he  f i r s t  power w i l l  _ _  ... - -  
n-m-2 t+s and (-lit, w i l l  be  mul t ip l i ed  by (-1) 
3/2 (n-m) -2( t-s> k 
t+s 2 drop out .  Thus (-1) 
and t h e  f i n a l  r e s u l t  w i l l  be (-1) = (-1) . 
.n-m-2 t+2s  For n-m odd, the  f a c t o r  z w i l l  reduce t o  -ti and hence t h e  
terms conta in ing  an a d d i t i o n a l  i w i l l  have i t o  an even p o x s k f f t e r  
t+s - -  .n-m- 2 t+2 s 2 m u l t i p l i c a t i o n  wi th  t h i s  f a c t o r ,  i .e.,  z i = (-1) 
and w i l l  thus  be r e t a i n e d ,  wh i l e  t h e  terms t h a t  do n o t  conta in  an a d d i t i o n a l  
i w i l l  now have odd powers of i ( a f t e r  m u l t 3 1 i c a t i o n  wi th  t h i s  f a c t o r )  
and hence w i l l  drop aut.  The f a c t o r  (-1) 
as be fo re ,  wi th  ( - l ) t  and (-1) 
w i l l  be  (-1) . 
n- t+s -- 
w i l l  b e  m u l t i p l i e d ,  2 
n-m-2 t+s . The f i n a l  r e s u l t  i n  t h i s  case  
A l l  the  above cons idera t ions  appl ied t o  Eq. (30) g ive ,  a f t e r  some 





cos[(n-2t-2c-2d)u + m ( n  - 811 
n-m even 
n-m odd 
s i n [  (n-2t-2c-2d)u + m(n - e) J 
Now l e t  t + c + d = p and rep lace  t h e  d-summation wi th  a new p- 
-16- , .  
summation, which is t o  be  placed b e f o r e  
can be combined. The l i m i t s  of v a r i o u s  summations are then changed as 
follows : 
tsummation so t h a t  l i k e  arguments 
p-summation : 
c+ummation : 
p-t > n-m-2t+s - p - t < m - s ,  0 - 
p-t ,  p-t < n-m-2t+s - p - t > m - s ,  - 
tsummation: 
With t h e s e  n o t a t i o n s ,  the g e n e r a l  t e r m  of t h e  d i s t u r b i n g  func t ion  
can be w r i t t e n  as 
n n  n-m even 
cos [ (n-2p) u 
p=o n-m odd 
n-m even 
n-m odd 
s i n [  (n-2p)u + m(f i  - e) J 
where 
* (-1) k cos s i 1 (n-m;2t+s) ( p- m-s t-c ( -1) 
C 
-17- . .  
I n  order  t o  make Eq. (32) cons i s t en t  w i th  Eq. (171, w e  now have t o  
r ep lace  r and v (v  = u-w) by a ,  M,  and e, i .e. ,  t c  t ransform t h e  following 
pa r t  of Eq. (32) as fol lows:  
1 1 + 0 0  
I I s i n  [ ( n - 2 p ) ( ~ v )  + m ( n  - e ) ]  = - 1 G ( e )  Isin] n+ 1 npq cos r n+l  [cos]  a 
q=-m 
where q is a new summation parameter to b e  def ined  later.  
The development of t h e  c o e f f i c i e n t s  G f o r  long-period terms i s  
as fo l lows:  
c e n t e r  
cons ider  t he  equat ion  of t he  gyyipse,  w i th  o r i g i n  a t  t h e  
2 2 
X Y  + - =  1 - 
a2 b2 
C ange i t  t y  p o l a r  coord ina tes  by l e t t i n g  x = r cos v ,  y = r s i n  v ,  and 
b = a (1-e ) .  Then s o l u t i o n  of t h e  r e s u l t i n g  equat ion  g ives  9 2  
2 a(1-e ) 
l+e cos v 
r =  
o r  
1 l+e cos v 
r a(1-e 
- =  
2 
o r  
n-1 1 l+e COS v 
- = (  r n-1 a(1-e 2 )  ) 
(34) 
-18- . .  
From t h e  l a w  of conserva t ion  of angular  momentum and from Keppler ' s  
equation, it can be shown t h a t  
2 r dv 
1 dM = 
2 2 T  a (1-e ) 
(35) 
Now t a k e  Eq. (32) ,  subs t i t u t enEp .  (34) i n t o  i t ,  apply t h e  binomial  
theorem t o  the  f a c t o r  ( l+e  cos v)  , apply t h e  r e s u l t s  of Eq. (291, 
change t h e  products  of t h e  t r i gonomet r i ca l  func t ions  t o  summations 
wherever p o s s i b l e ,  i n t e g r a t e  from 0 t o  2n with r e s p e c t  t o  t h e  mean 
anomaly M, making use  of t h e  r e l a t i o n s h i p  between the  mean anomaly and 
t r u e  anomaly v ,  given by Eq. (35), and then d i v i d e  by 2n. This g ives  
(we w r i t e  below only t h a t  p a r t  of Eq. (32) which is  a f f e c t e d  by t h e s e  
changes) : 
0 b=O d=O 
and s ince  f o r  long-period terms t h e  c o e f f i c i e n t  of v should  van i sh ,  
the  above express ion  reduces t o  
where 
-19- 
6-1 n+2 d -2 6 
n -1 n+ 2 d-26 1 
G np (2p-n) ( e )  = (1-e 2 ) n- 2 (nt2d-26) ( d )(I) 
d=O 
n 




1; = n-p f o r  p > - 
2 
- 
For short-per iod terms, the  terms i n  the  t r u e  anomaly v, do n o t  
drop o u t ,  i . e . ,  n-Zp+q = 0 and t h e  development of G becomes r a t h e r  




wli e re 
= k f o r t j  < O  hl 
= k f o r  6 > 0 
= k-4 f o r  4 < 0 
Now s u b s t i t u t e  t h e  t ransformat ion  (33)  i n  E q .  ( 3 2 ) ,  denote  Z as 
nmpq 
n-m even 
z (w,m,R,e) = I-C.1 cos[(n-qp)w + (n-2pl-q)M + m ( n  - e)] 
nm n-m odd 
+k 1 n-m odd 
nmeq 
( 3 5 4  
n-m even 
sin[(n-2p)w + (n-2p-tq)M + m(Q - e ) ]  
and obta in  Eq. (32) i n  t h e  f i n a l  form 
Thus w e  have succeeded i n  t ransforming  t h e  g e n e r a l  term of t h e  
d i s tu rb ing  func t ion  from s p h e r i c a l  coord ina te s  t o  o r b i t a l  coo rd ina te s .  
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Denote one t e r m  of R i n  Eq. (36) by Rnmpq. Then nm 
D i f f e r e n t i a t e  R with r e s p e c t  t o  v a r i o u s  o r b i t a l  elements and 
s u b s t i t u t e  t h e  resulfmya Eq. (17) .  
change of o r b i t a l  elements.  
be 
T h i s  would g ive  t h e  t i m e  rate of 
The reduced equat ions of motion would then 
0 
Z n GMae FnmpGnpq nmpq dQ nmpQ= A 
1 
dw (1-e 1 . c o t  i 2 2  
d t  e nmP npq 2 2  
F G - 4 F  nmp G npq] 3 
(1-e ) = 
0 n GMa, F G Znm 
nmPq - i pQ [ (  n-2p) cos i-m] nmp ppq 
d i  
- - 
dt  nan+3(1-e2)2 s i n  i 
(37) 
0 n danmp* = 2GMae FnmpGnp q 'nmp p (n-Zp+q) 
- n+2 na  d t  
0 n 1 
2 2 7  
[(I-e )(n-2p+q) - (1-e ) (n-2p)l GMae FnmpGnpqZnmpq 
de 
nmpQ= 
- n+3, na  d t  
2 1-e , * n 
[2(n+l )G - - G I  dM nmpq - Fnmpznmpq 
npq npq e - n+3 na d t  
-22- 
In t h e  foregoing  express ions :  
and 
and 
R = r i g h t  ascens ion  of t h e  ascending node 
a = semi-major a x i s  of t h e  sa te l l i t e  o r b i t  
n = mean motion 
e = e c c e n t r i c i t y  
w = argument of pe r igee  
i = i n c l i n a t i o n  
- 
t * 
M = p e r t u r b a t i o n  of t h e  mean anomaly = [ n dt-n(t-T) 
J T  
T = t i m e  of pe r igee  passage. 
Functions F G and Z are as de f ined  ear l ier  i n  t h e  t e x t ,  
nmp' npq' nmpq 
and 
c dG 
G = -  
"" de 
and Z i s  the  d e r i v a t i v e  of Z wi th  r e s p e c t  t o  i t s  argument. 
nmp q nmp q 
E q .  (37) g ives  t h e  t i m e  rate of change of v a r i o u s  o r b i t a l  elements 
due t o  one t e r m  R of t h e  d i s t u r b i n g  p o t e n t i a l .  
nmp 4 
I f  i t  is now assumed t h a t  t h e  dominant p e r t u r b a t i o n s  of t h e  o r b i t , i l  
elements a r e  s e c u l a r  ( t h i s  assumption w i l l  b e  v a l i d  f o r  most of t h e  
geode t i ca l ly  u s e f u l  s a t e l l i t e s ) ,  i t  i s  p o s s i b l e  t o  i n t e g r a t e  t h e  
equations of motion t o  o b t a i n  t h e  i n t e g r a t e d  changes i n  t h e  o r b i t a l  
elements caused by a c e r t a i n  pe r tu rb ing  func t ion .  
f o r  the  i n t e g r a t e d  changes, s u b s t i t u t e  Eq. (36a) i n  t h e  equa t ions  of 
motion, i . e . ,  E q .  ( 17 ) ,  i n t e g r a t e  wi th  r e s p e c t  t o  t i m e  and g e t  
To g e t  t he  expres s ions  
-2 3- 
. 
n AQ = GMa, 
nmPq 
n A 0  = GMa, 
"mP q 
n a i  = GMa, 
nmpq 
n Aa = GMa, 
nmpq 
n A e  = GMa, 
nmpq 
n A M  = GMa, 
nmpq 
Z b  , FnmpGnpq nmpq 
~ 
- n+3 2 '2 na  (1-e ) s i n  i[(n-2p)w + (n-2ptq)M + m(Q - e ) ]  
1 1 
- n+3 n a  [ (n-2p) 6 + (n-2pf-q)M + m(Q - e) ] 
F G [(n-2p)cos i -m]Z  nmp , npq nmp q 
2F G Z (n-2pfq) nmp npq nmpq 
- n+2 na [(n-2p)& + (n-2p-tq)M + m ( n  - 0) 1 
2 -1 ,' Zi [2(n+l)Gn - (1-e ) e  G ] Fnmp nmpq npq 
- n+3 na [(n-2p)& + (n-2pfq)M + m ( Q  - 0) 
i where Z = t he  i n t e g r a l  of Z wi th  respect t o  i t s  argument. 
The above development c lose ly  follows t h a t  of Kaula (1961). We 
inc lude  below a few remarks about t h e  func t ions  F G and Z 
For long-period v a r i a t i o n s ,  the  c o e f f i c i e n t  of M i n  Eq. (%a) 
nmp' npq' nmpq 
must vanish ,  i.e., 
n-2p+q = 0 
q = 2p-n 
With t h i s  cond i t ion  Z becomes Z and is  now independent of 
nmpq nmp ( 2 p-n) 
. 1  
-24- 
t he  terms i n  M. Fur ther ,  i f  w e  are i n t e r e s t e d  only i n  t h e  e f f e c t  of 
zona l  harmonics, w e  have m = 0 and f o r  long-period e f f e c t s  of z o n a l  
harmonics, the  func t ion  2 becomes : 
nmpq 
- Cno cos(n-2p)w, n even I 
For long-period e f f e c t s ,  G becomes G While computing nPq np(2p-n) 
G, cons iderable  l abor  can be saved by remembering t h a t  
= G  
np(2p-n) n(n-p) (n-2p) 
G 
I n  the  case  of zonal  harmonics, m=O and F becomes 
nmP 
t C 
The l a s t  binomial c o e f f i c i e n t  w i l l  5e non-zero only  i f  p-c-t = 0 
o r  c = p-t. 
corresponding t o  every t and the  c-summatlon can then  be s u b s t i t u t e d  
by t h a t  value.  Thus F f i n a l l y  bacomes 
Thus f o r  a p a r t i c u l e r  p ,  t h e r e  i s  only  one va lue  of c 
nOP 
(2n-2t) ! n-2 t k n-2t 





Now examine E q .  ( 3 7 ) .  L e t  m = 0 ,  f o r  convenience of d i scuss ion .  
t h e  express ions  f o r  0 and & can be w r i t t e n  as 
a n  m n-2 
U h l  . j and n even 
L j and n odd 
n=2 j = O  d t  
( 3 9 )  
-25- 
w n-2 db 
cos j w j and n even - (=&) = 
'nOX2nX2nj s i n  j w j and n odd 
n=2 j = O  d t  
where t h e  X ' s  can be obta ined  by comparing t h e s e  express ions  wi th  t h e  
o r i g i n a l  Eq. (37). 
Simi la r  express ions  can be  wr i t t en  f o r  t he  time-rate of change of 
o t h e r  o r b i t a l  elements and t h e i r  i n t eg ra t ed  changes. 
It can be v e r i f i e d  e a s i l y  t h a t  X t h e  c o e f f i c i e n t s  of 
t h e  t e r m  s i n  w ,  con ta in  a f a c t o r  l/siF$.anil~@iy 
of s i n  w i n  t h e  express ion  f o r  6, contains  l / e .  
t h e  form given i n  (37) break down f o r  s i n  i = 0 o r  i = 0 and e = 0. 
D i f f e r e n t  sets of equat ions  are ava i l ab le  f o r  u se  under such s p e c i a l  
c i rcumstances.  
t h e  c o e f f i c i e n t  
&&e t h e  equat ions  i n  
The p h y s i c a l  explana t ion  is  simple. For zero  i n c l i n a t i o n ,  t h e  
p o s i t i o n  of t h e  ascending node and f o r  c i r c u l a r  o r b i t s ,  t h e  p o s i t i o n  
of t h e  pe r igee  cannot be def ined.  
A l l  express ions  i n  Eq. (38) ,  f o r  the  case of s e c u l a r  o r  long- 
per iod  e f f e c t s  of zonal  harmonics, contain & i n  t h e  denominator. 
express ion  f o r  & f o r  the  p a r t i c u l a r  case of C i s  
The 
20 
2 3 2  
2 & = K C z o ( l  + cos i - - s i n  i )  
where K is independent of i. 
of i is c a l l e d  t h e  c r i t i c a l  i n c l i n a t i o n .  
i n t e g r a t e d  changes ( i n  the  form given above) are no t  v a l i d  f o r  o r b i t s  
wi th  c r i t i c a l  i n c l i n a t i o n .  
For h = 0 ,  i is roughly 63" 26 ' .  
Thus t h e  equat ions  f o r  
This  va lue  
Note t h a t  i n  Eq. (39), t he  X c o e f f i c i e n t s  r ep resen t  t he  ampli tudes 
of d i f f e r e n t  p e r t u r b a t i o n s  of 2 n / j  wavelength. 
and hence t h e  p e r t u r b a t i o n s  are secu la r .  
f o r  even va lues  of n t h a t  the  s e c u l a r  terms appear i n  the  express ions .  
For j = 0,cos j w = 1 
Note a l s o  t h a t  i t  i s  only 
For odd va lues  of n ,  t h e  expressions con ta in  only long-period 
terms. 
S i m i l a r  remarks can be made f o r  o the r  o r b i t a l  e lements .  
To sum up, the  even zonal  harmonics g ive  rise to :  
1. s e c u l a r  and long-period changes i n  R ,  w ,  and M .  
-26- 
2. long-period changes i n  e and i. 
3 .  no change i n  a. 
The odd zonal  harmonics produce long-period p e r t u r b a t i o n s  i n  Q ,  
i, e, w, and M. 
In  p r a c t i c e ,  t h e  even zona l  harmonics are determined from t h e  s e c u l a r  
motion of t h e  r i g h t  ascens ion  of t h e  ascending node and argument of 
per igee ,  and t h e  odd zonal harmonics, from t h e  long-period changes i n  
i n c l i n a t i o n  and e c c e n t r i c i t y .  
The a c t u a l  procedure of computation involves  cons ide rab le  d e t a i l .  
Determination of t h e  Anomalous Grav i ty  F i e l d  of t h e  Ea r th  
A f t e r  having determined t h e  g e o p o t e n t i a l  c o e f f i c i e n t s  from t h e  
v a r i a t i o n  of t h e  o r b i t a l  elements,  w e  now d i s c u s s  formulas f o r  
f ind ing  t h e  g r a v i t y  anomalies and geo ida l  Undulations.  
Gravity anomalies and g e o i d a l  undula t ions  are r e f e r r e d  t o  some 
s tandard  s u r f a c e .  One such s t anda rd  s u r f a c e  is  t h e  i n t e r n a t i o n a l  
r e fe rence  e l l i p s o i d .  S ince  g r a v i t y  anomalies computed from s u r f a c e  
g r a v i t y  measurements are always r e f e r r e d  t o  t h e  i n t e r n a t i o n a l  r e f e r e n c e  
e l l i p s o i d ,  i t  w i l l  be  necessary  f o r  us  t o  a l s o  r e f e r  t h e  satel l i te-  
computed g r a v i t y  anomalies t o  t h e  s a m e  s t anda rd  s u r f a c e  f o r  purposes of 
comparison. 
In  the  c a s e  of geo ida l  undula t ions ,  however, t h e r e  h a s  been no 
cons is tency  i n  r e f e r e n c e  t o  a s t anda rd  s u r f a c e .  Most of t h e  satel l i te-  
computed g e o i d a l  undula t ions  are r e f e r r e d  t o  an e l l i p s o i d  whose Cz0 and 
Ch0 a r e  equa l  t o  t h e  observed ones. 
t h e  observed va lues  of C 2o and C4-,, depending upon t h e  n a t u r e ,  q u a l i t y ,  
and quan t i ty  of t h e  obse rva t ions  used and the  methods of computation 
adopted, each set of g e o i d a l  undu la t ions  r e f e r s ,  i n  theory  a t  least ,  
t o  a d i f f e r e n t  r e fe rence  e l l i p s o i d .  For purposes of comparison, 
t he re fo re ,  i t  becomes necessary  t o  r e f e r  each of t h e s e  sets t o  t h e  same 
s tandard  e l l i p s o i d .  F u r t h e r ,  s i n c e  t h e  geoid obta ined  from s u r f a c e  
g r a v i t y  measurements is u s u a l l y  r e f e r r e d  t o  t h e  i n t e r n a t i o n a l  r e f e r e n c e  
e l l i p s o i d ,  i t  i s  d e s i r a b l e  t o  r e f e r  our sa te l l i t e -computed  geoid  t o  the  
same su r face .  This re f inement ,  however, may n o t  b e  s i g n i f i c a n t  i n  view 
of t h e  p r e s e n t  accuracy of t h e  s a t e l l i t e  r e s u l t s .  
S ince  t h e r e  i s  some v a r i a t i o n  i n  
In o rde r  t o  compute g r a v i t y  anomalies and g e o i d a l  undula t ions  wi th  
r e spec t  t o  any r e f e r e n c e  e l l i p s o i d ,  w e  need t o  compute t h e  C20 and C40 
c o e f f i c i e n t s  f o r  t h e  r e f e r e n c e  e l l i p s o i d  i n  q u e s t i o n .  
Geopotent ia l  C o e f f i c i e n t s  of a Reference E l l i p s o i d  
The p o l a r  equat ion  of an o b l a t e  e l l i p s o i d  of r e v o l u t i o n  i s  
-27- 
1 
2 2 2 
- -  
r - b(1-e cos 4)  
where 
b = semi-minor a x i s  
@ = goecen t r i c  l a t i t u d e  
e = e c c e n t r i c i t y  
Now l e t  
f = f l a t t e n i n g  of t h i s  e l l i p s o i d  
a = i t s  semi-major a x i s  e 
then 
and 
b = a (1-f) e 
S u b s t i t u t i n g  t h e s e  r e l a t i o n s  i n  E q .  (40)  above, w e  o b t a i n  
1 
2 2 2 
- -  
r = a (I-f) [1-(2f-f ) COS $ 3  
D 
Using t h e  binomial theorem t o  expand t h e  under l ined  expres s ion ,  
-28- 
w e  get  
and hence 
I f  we square both s i d e s  of (401, w e  g e t  
3 The symbol O(f ) i n  ( 4 0 ) ,  (41) ,  and (42) means t h a t  we have ignored 
terms conta in ing  cubed o r  h ighe r  powers of f .  
The re ference  g r a v i t a t i o n a l  p o t e n t i a l  V, of an  e l l i p s o i d  of 
revolu t ion ,  symmetrical  wi th  r e s p e c t  t o  t h e  e q u a t o r i a l  and p o l a r  diameters ,  
can be w r i t t e n  t o  the  o rde r  of accuracy r equ i r ed  he re ,  as 
I n  t h e  above equat ion  
1 2 
(s in41 = - 2 (3  s i n  4 - 1) 
1 4 2 (s in91 = jj (35 s i n  Q - 30 s i n  4 + 3) . 
Now, t h e  g r a v i t y  f o r c e  on the  s u r f a c e  of the  e a r t h  arises from 
(1)  p o t e n t i a l  V ,  due t o  a t t r a c t i o n  of mass M ,  of t h e  e a r t h  
(2)  p o t e n t i a l  of t h e  c e n t r i f u g a l  f o r c e  due t o  t h e  r o t a t i o n  of 
t h e  e a r t h .  
. .  -29- 
L e t  t h i s  combined p o t e n t i a l  be denoted by W, then  
2 w = v + L w2 r2 (1-sin 4) 2 (44) 
where 
w = r o t a t i o n a l  v e l o c i t y  of t he  ea r th .  
The cond i t ion  t h a t  a s u r f a c e  be equspo ten t i a l  is 
W = cons tan t .  (45) 
Now the  cond i t ion  t h a t  the  surface desc r ibed  by r of Eq. (40) o r  
(42) ,  i .e . ,  t h e  s u r f a c e  of t he  o b l a t e  e l l i p s o i d  of r evo lu t ion ,  be an 
e q u i p o t e n t i a l ,  i s  obta ined  by s u b s t i t u t i n g  t h e  va lue  of r from (40a) i n  
(44) and then apply ing  t h e  cond i t ion  ( 4 5 ) .  Also s i n c e  we  are  developing 
on13 a second-order theory ,  we w i l l  neg lec t  a l l  the terms with magnitude 
O(f ) .  To be  more pr t ;c ise ,  ye w i l l  neg lec t  terms conta in ing  such 
f a c t o r s  as C f ,  C f L ,  CZOfL, e t c .  With t h i s  i n  mind then,  w e  have from 40 40 
Eq. (42) 
3 
S u b s t i t u t i n g  (41) and (46) i n  (43),  r e s a i n i n g  t h z  t e r m s  t o  O ( f  ) 
only,  and combining the  c o e f f i c i e n t s  of s i n  $I and s i n  $I, w e  ob ta in  
-30- . .  
2 3 15 
2 2 4 
3 2  c401 s i n  6 
1 3 
+ - c ) + [ f  + - f + - ( l - f ) C 2 0  - - 
a 2 c20 40 
( 1  - - 
e 
I 
4 l 2  9 35 + [ -  - f + - f c 
2 2 
+ - c ~ ~ ]  s i n  0 + O(f 
8 2iJ 
(47) 
S u b s t i t u t i n g  t h e  v a l u e  of r2 from (42) i n  t h e  second term of Eq. 
(441, w e  g e t  
- w  l 2 2  r (1-sin 2 0) = - l 2  w a [ l - s i n  2 0 (1+2f+3f 2 + s i n  4 4 (2f+7f2) e 
2 2 
I f  w e  now in t roduce  a q u a n t i t y  
2 -  3 
which is of t h e  o r d e r  of f such t h a t  mlf 
becomes 
f , t h e  above express ion  
2 4 3 
GM ml 
- w  l 2 2  1: (1 - s i n  2 4) = - - [l - (1+2f) s i n  0 + 2f s i n  0 + O(f ) ]  
2 a 2  e 




1 3 m 
+ - ) + [ f + - f  - -  ‘20 + 8 ‘40 
a 2 e 
9 
+ mlf + - 
2 2 
(49) 2 l 2  
3 1 5  
c20 + - (1-f)C - - C401 s i n  0 + [ -  - f 
2 2o 4 
-31- 
4 35  
8 
- C40] s i n  4 + O(f 
The imposi t ion of c o n d i t p n  (45) on E q .  (49) m e a n s  t h a t  t he  2 c o e f f i c i e n t s  of s i n  4 and s i n  4 should vanish,  t h a t  is  
3 7 m, 3 15 
I 
f + - f f L - -  (1  + 2 f )  + - (1 - f)C20 - - c40 = 0 
2 2 2 4 
and 
1 ,  9 35 - -  f L + m f + - f  C 2 0 + - C 4 0 = 0  
2 l 2  8 
which g i v e s  
3 3 
3 3 7 
ml 2 f + -  f + - -  -mlf + O ( f  ) - - -  c20 
3 4 2  4 
C40 = - f - - mlf + O ( f  ) 
5 7 
I n  case w e  i n t roduce  a parameter m such t h a t  
GM 
where r is t h e  mean r a d i u s  of the  ea r th ,  m becomes m 1 
19 2 m = m ( l + f + - f f  1 15 
and the  gqs. (50) reduce t o  the  form 
-32- 
f + - f  1 2 + - - -  m 2 mf + 0(f3)  Czo - - - 2 3 - 3 3 2 1  
4 3 c40 = 0 f 2  - - 7 mf + O(f ) 
Eq. (50) o r  (50a) g ives  t h e  formulas f o r  determing C20 and C40 f o r  
an e l l i p s o i d  whose f and m are known. 
I n  t h e  fol lowing d i scuss ion ,  w e  w i l l  r e f e r  t o  t h e  c o e f f i c i e n t s  Cz0 
40 20 40 and C of t h e  r e fe rence  e l l i p s o i d  as r e fe rence  C 
o r  r e fe rence  C 
Gravity Anomalies 
The g r a v i t y  anomaly dg,  i s  t h e  depa r tu re  of t h e  observed g r a v i t y  
va lue  reduced t o  the  geoid from t h e  corresponding t h e o r e t i c a l  g r a v i t y  
va lue  on the  r e fe rence  e l l i p s o i d .  I t  is  given by 
A g = - - + -  aR 2R 
ar r (51) 
where 
R = t he  d i s t u r b i n g  p o t e n t i a l .  
Subs t i t u t ing  t h e  va lue  of R i n  terms of s p h e r i c a l  harmonic expansion 
i n  (51) and assembling similar t e r m s ,  we  g e t  
m n  n+2 1 [(n-l)(:) GM 
a 




Where r should be obtained from E q .  ( 4 0 ) ,  and C20 and C40 should be 
replaced by AC and AC where 20 40 
20 
AC20 = observed C - r e fe rence  C 20 
40 
AC40 = observed C - r e fe rence  C 40 
-33- 
T h e o r e t i c a l l y ,  ACnm should be s u b s t i t u t e d  f o r  every  C ,  i n  E q .  ( 5 2 ) ,  
where  AC 
ponding r e fe rence  C . But s i n c e  f o r  our r e fe rence  e l l i p s o i d ,  t he  only 
non-zero C 
only  f o r  tRZse two2?erms. 
i s  t h e  d i f f e r e n c e  between the observed C 
nm nm and the cor re s -  
nm are C and C40, w e  have t o  cons ider  t h i s  s u b s t i t u t i o n  
Note t h a t  i f  t h e  va lue  of a p a r t i c u l a r  r e fe rence  C i s  taken 
equa l  t o  t h e  observed va lue ,  t h e  corresponding AC 
used t h i s  f a c t  t o  d e f i n e  t h e  best-f  i t t i n g  satellie$ sphero id  as given 
in s e c t i o n  111. 
vanP%es. We have 
Geoidal Undulations 
The geo ida l  undula t ion  N ,  is given i n  terms of t h e  d i s t u r b i n g  
p o t e n t i a l  R, by 
0’ Assume g cons t an t  over N and equal  t o  the  t h e o r e t i c a l  g r a v i t y  g on t h e  r e f e r e n c e  e l l i p s o i d ,  then 
S u b s t i t u t i n g  t h e  s p h e r i c a l  harmonic expansion of R i n  t h e  foregoing  
r e l a t i o n ,  we g e t  
where AC 
discusse3°for  t h e  case of g r a v i t y  anomalies. 
and AC40 should be s u b s t i t u t e d  f o r  C20 and C40, as a l r eady  
Computational Procedures and Discussion of Resu l t s  
The zona l  harmonic c o e f f i c i e n t s  of t h e  g e o p o t e n t i a l  are given i n  
Table 1 and t h e  tesseral  harmonic c o e f f i c i e n t s ,  i n  Table  2 .  Since  some 
of t h e  h ighe r  degree zonal  harmonic c o e f f i c i e n t s  and most of t h e  tesseral 
c o e f f i c i e n t s  given i n  t h e s e  t a b l e s  show cons ide rab le  d i s c r e p a n c i e s  from 
-34- 
TABLE 1. Normalized Zonal Harmonic 















3 0.923 0 .963  0.967 
4 0.567 0.550 0 .SO7 
5 0.054 0.063 0.045 
6 -0 .202  -0.179 -0.158 
7 0.077 0 .086  0.114 
8 0.112 0.065 -0 .lo7 
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TABLE 2 .  Normalized Tesseral  Harmonic Coef f i c i en t s  
of t h e  Cnm, Snm of the  Geopotent ia l  
Anderle (1966) Gu ie r  IS Newton Gaposhkin (1966) 
(1965) 
n m  nm C nm S ‘rim ’nrn ‘nrn nm 5 
10-6 
2 2  2.45 -1.52 2.38 -1.20 2.38 -1.35 






















































































































































































































so lu t ion  t o  s o l u t i o n ,  a "mean Solut ion" has  been obtained from t h e  three 
sets of zona l  harmonic c o e f f i c i e n t s  given i n  Table 1 and the  t h r e e  
sets of t e s s e r a l  c o e f f i c i e n t s  i n  Table 2.  These "mean c o e f f i c i e n t s "  are 
given i n  Table 3 .  
computgg from b:. (50) .  
C and C parameters of t h e  i n t e r n a t i o n a l  r e fe rence  have been 
The r e s u l t s ,  f u l l y  normalized, are: 
= -488 375 x c20 
C40 = 0.804 x 
Computation of Geoidal Undulat ions 
E q .  (53) i s  t h e  b a s i c  equat ion  used i n  our  computations.  W e  have 
s impl i f i ed  i t  f u r t h e r  by assuming t h a t :  
GM 
_ -  
2 - go a e 
and 
r = a  e 
on the s u r f a c e  of t h e  e a r t h .  
The equat ion thus  reduced t o  
m n 
N = a C [cnm cos mh + s s i n  mA)P ( s i n + > ]  e nm nm 
n=2 m=O 
(54) 
It i s  t h i s  form of t h e  h a s i c  equat ion  which has  been used t o  compute 
t h e  d i f f e r e n t  se t s  of geoids  r epor t ed  he re .  
Let u s  examine the  e r r o r s ,  i f  any, a r i s i n g  from t h e  above assumptions.  
The f i rs t  of t he  two assumptions in t roduces  a maximum e r r o r  e l '  of 
-37- 
TABLE 3 .  Normalized Spher ica l  Harmonic 
Coef f i c i en t s  of the  Geopotential  C S 
nm’ nm 
(Mean Solut ion)  
n m  
nm C nm S nm C 































































































































- + 0.5%. 
va lue ,  t h e  c o r r e c t i o n  t o  be app l i ed  t o  t h e  computed va lue  i s  nega t ive .  
Th i s  e r r o r  t u rns  out t o  be dominantly p o s i t i v e .  
The e r r o r  i s  def ined  as p o s i t i v e  i f ,  t o  o b t a i n  t h e  co r rec t ed  
To examine the  e r r o r  introduced by the  second assumption, then ,  
l e t  
r = a - A r  e 
where A r  is t h e  depa r tu re  which r has  from t h e  va lue  of a i n  i t s  
t o t a l  range of v a r i a t i o n .  Then e 
and the  e r r o r  in t roduced  i n  the  n t h  - t e r m  by assuming ae/r = 1, is 
2 A r  
a 
(n+l) - x 10 % - 
e 
Since a > r ,  the  c o r r e c t i o n  a r i s i n g  from t h i s  f a c t o r  should be 
added t o  theecomputed va lue  of geo ida l  undula t ion  t o  ob ta in  t h e  c o r r e c t  
va lue .  The c o r r e c t i o n ,  however, is  no t  s i g n i f i c a n t  i n  view of t he  p r e s e n t  
accuracy of s a t e l l i t e  r e s u l t s .  
Nei ther  of t h e  above e r r o r s  is  s i g n i f i c a n t  i n  view of t he  p r e s e n t  
accuracy of t h e  s a t e l l i t e  r e s u l t s .  
Commtation of t h e  Gravitv Anomalies 
E q .  (52) was s i m p l i f i e d  by assuming t h a t  ae = r .  Eq. (52) then  
reduces t o  t h e  following form 
m n 
d g = ? 2 c  y [(n-l)(Cnm cos  MA + Snm s i n  mA)Pnm(sin+)] (55) 
I a e n=2 m=O 
This  s i m p l i f i e d  equat ion  w a s  used f o r  computing t h e  d i f f e r e n t  sets 
of g r a v i t y  anomalies given i n  t h i s  r e p o r t .  
-39- 
I '  
A s  po in ted  out  e a r l i e r  i n  the  case of geo ida l  undu la t ions ,  t h e  
e r r o r  a r i s i n g  from t h e  above assumption i s  n e g l i g i b l e  i n  view of t h e  
p re sen t  accuracy of t h e  s a t e l l i t e  resul ts .  
Discussion of Resu l t s  
Geoidal Undulations 
Table 4 summarizes t h e  magnitude and l o c a t i o n  o f  t h e  maximum 
e l e v a t i o n s  and depres s ions  of t h e  d i f f e r e n t  geoids  ob ta ined  us ing  t h e  
d i f f e r e n t  sets of g e o p o t e n t i a l  c o e f f i c i e n t s  given i n  Tables 1 t o  3 .  
It should be  noted t h a t  Table  4 i s  made up of three s e c t i o n s .  I n  t h e  
f i r s t  s e c t i o n  each geoid is  r e f e r r e d  to a r e fe rence  e l l i p s o i d  whose 
and C parameters a re  those  defined by the  se t  of z o n a l  c o e f f i c i e n t s  40 
Although each se t  of geo ida l  undulations w a s  t hus  de r ived  from a d i f -  
f e r e n t  r e f e r e n c e  s u r f a c e ,  t h i s  d i f f e r e n c e  i s  not  s i g n i f i c a n t  because 
t h e  Cz0 and C 
i n  f a i r l y  gooi  agreement. Figures 1 to 4 show t h e  g e o i d a l  undula t ions  
obta ined  i n  t h i s  manner us ing  t h e  va r ious  sets of geopocent ia l  c o e f f i -  
c i e n t s  g iven  i n  Tables 1 t o  3 .  
are used t o  compute the  ind iv idua l  geoid under cons ide ra t ion .  
va lues  f o r  t h e  d i f f e r e n t  sets of zona l  c o e f f i c i e n t s  are 
I n  t h e  second s e c t i o n  each derived geoid i s  r e f e r r e d  t o  t h e  
i n t e r n a t i o n a l  r e fe rence  e l l i p s o i d .  Figures 5 t o  7 are p l o t s  of t h e  
geoids determined on t h i s  b a s i s .  For comparative purposes d a t a  are 
a l s o  g iven  f o r  a geoid der ived  us ing  t h e  mean c o e f f i c i e n t s  and bes t -  
f i t t i n g  s a t e l l i t e - d e r i v e d  r e fe rence  spheroid wi th  a p o l a r  f l a t t e n i n g  
va lue  of 11298.25. This  s o l u t i o n  i s  shown i n  F igure  8 .  A s imi la r  
geoid ob ta ined  from Gaposhkin's(l966) tesserals i s  shown i n  F igure  9 .  
I n  t h e  t h i r d  s e c t i o n  comparative geo ida l  d a t a  are g iven  as obta ined  
by Kaula (1966), U o t i l a  (1962), and Zongolovich (1952). 
Kaula (1966) used a combination of s a t e l l i t e  and g rav ime t r i c  d a t a  
t o  o b t a i n  h i s  r e s u l t s  ( s e e  F i g .  10 ) .  Uo t i l a  (1962) and Zongolovich (1952) 
both used  s u r f a c e  g rav ime t r i c  da t a .  
(1962) geoid i s  shown i n  Figure 11 and Zongolovich's (1952) geo ida l  
map i s  shown i n  F igure  12.  
For comparative purposes, U o t i l a ' s  
From an in spec t ion  of Table 4 i t  is  seen t h a t  broadly  speaking ,  t h e  
area of maximum geo ida l  depress ion  defined by each geoid h a s  much t h e  
same l o c a t i o n ,  although t h e r e  i s  some v a r i a t i o n  i n  magnitude v a l u e s .  
The s i g n i f i c a n t l y  lower magnitude found wi th  t h e  g r a v i t y  s o l u t i o n s ,  
U o t i l a  (1962) and Zongolovich (1952),  can be a t t r i b u t e d  t o  t h e  pauc i ty  
and poor d i s t r i b u t i o n  of the a v a i l a b l e  g r a v i t y  da t a .  
t h e  area of maximum geo ida l  e l e v a t i o n  the re  i s  a s i g n i f i c a n t  dependence 
on t h e  r e f e r e n c e  e l l i p s o i d  used. However, t h e  s c a t t e r  i s  r e s t r i c t e d  t o  
one o r  two areas--the Solomon Islands-New Guinea reg ion  and the  North 
A t l a n t i c  area immediately south of Iceland. This  would suggest t h e  
I n  t h e  case  of 
-40- 
TABLE 4 .  Comparison of Geoidal Undulations i n  D i f f e r e n t  Representa t ions  
Maximum Height Maximum Depression 
R e f .  of the Ceo- Above t h e  Reference Below t h e  Ref.  
p o t e n t i a l  Coeff .  E 11 i p s o  i d  E l l i p s o i d  T o t a l  Parameters  
used t o  compute Range of t h e  
t h e  Geoidal Magnitude Location Hagni tude Locat ion i n  Reference 
Undu 1 a t  Lon i n  Meters Long. L a t .  i n  Meters Long. L a t .  Meters  E l l i p s o i d  
Kozni ( 1 Y 6 4 ) ;  
Caposhkln (1'366) 
1400  oo 75" 0' 
179 t o  t o  
80" 10"N Tab le  1 ( c o l .  2)  
+81 t o  t o  -98 
150" 5"N 
Smlth (19h1, 6 5 ) ;  
Guier  6 
Newton (1965) 
350" SS*N 75" 10-N '200: '60 t o  t o  
355' 60°N 80' 15'N Tab le  1 ( c o l .  1) 
156 +6 5 t o  t o  -91 
70' 5' c2006f ' 4 0  King-tlele (1965);  1400 0" 181 t o  t o  +83  t o  t o  - Y 0  
Ander l e  (1966) 150' S O N  80' 10'N Table  1 ( c o l .  3 )  
Table  3: Mean 
Coef f i c i en t s  
145" 5's 75" SON 
155" 5'N 80" 1 0 " N  
165 t o  to  +70 t o  t o  -95 
"ooc; c 4 0  





+96 t o  t o  
75" 0' I n t e r n a t i o n a l  
80" l O ' N  s o i d  
1 2 8  t o  t o  222  r e f e r e n c e  e l l i p -  
Smith (1963, 65 ) ;  365' 60°N 75' 5"N 
Cu ie r  6 +lo1 t o  t o  -118 t o  t o  2 19 -do- 
Newton (1965) 355" 65"N 80" 10'N 
Mean C o e f f i c i e n t s  360' 60'N 75' 5 0 " N  
355. 70°N 80. 1 0 ' N  
+99 to to ;12 5 t o  t o  224 40- 
Mean C o e f f i c i e n t s  135' 50's 65' 0" Best f i t  S a t e l -  
+6 9 t o  t o  -93 t o  eo 162 l i t e  Sphero ids  
165. 15'N 750  2 0 0 ~  P o l a r  F l a t t e n i n g  - 11298.25 
U o t i l a ' s  geoid 
(1962) obtalned 
from f r e e  a i r  
g r a v i t y  anoma H es 
Other  R e s u l t s  
130' 10's 60' 10 'N E l l i p s o i d  w i t h  
150" 10°N 80' 40'N 1/298.26 
+60 t o  t o  -60 t o  t o  120 f l a t t e n i n g  - 
Kaula ' s  map (1966)  135' 15's 65" 10's E l l i p s o i d  with 
ob ta ined  from a com- +16 to t o  -90 t o  t o  166 f l a t t e n i n g  - 
b i n a t i o n  of s a t e l l i t e  165" 5'N 85' 10"N 11298.25 
and gravimetr ic  d . i ta .  
(Ceopoten t i a l  c o e f -  
f l c i e n t s  for t h i s  
c a s e  no t  given) 
3 l o c a t i o n s  
of e q u a l  va lue  
Zonpolovich Geoid 120" 30s 55" 0 Russian e l l i p -  
based on su r face  +80 t o  to -60 140 so i d  t o  t o  
80' 22'N g r a v i t y  da t a  140° 12'N 
300' 18's 
t o  t o  
340' 20'N 
235 '  12's 
t o  t o  
265'  35'5 
-- 
-41- 
g r a v i t y  anomaly i n  the  two a r e a s  is of s i m i l a r  magnitude. Actually 
the  a v a i l a b l e  d a t a  i n d i c a t e  the  f ree-air anomaly va lues  i n  t h e  Solomons 
a r e a  i s  cons iderably  h ighe r  than i n  the North A t l a n t i c  a rea .  On a 22" 
x 22" s i z e  area (corresponding t o  an 8th degree f i t )  t he  mean g r a v i t y  
va lues ,  however, are n o t  s i g n i f i c a n t l y  d i f f e r e n t .  A 15 th  degree f i t  of 
t he  d a t a  presumably would g ive  a cons i s t en t  p a t t e r n ,  w i t h  t h e  Solomons 
region be ing  t h e  a r e a  of maximum geoida l  rise. 
I t  i s  t o  be noted  t h a t  t he  geoidal undu la t ions  r e f e r r e d  t o  t h e  
and C40 are ' b e s t - f i t t i n g  s a t e l l i t e  e l l i p s o i d '  (whose r e f e r e n c e  C 
equa l  t o  the  observed ones) show a c o n s i s t e n t l y  d i f f e r e n t  p a t t e r n  from 
those  r e f e r r e d  t o  t h e  i n t e r n a t i o n a l  re ference  e l l i p s o i d .  A s  t h e  
e q u a t o r i a l  r ad ius  and f l a t t e n i n g  of the ' s a t e l l i t e  e l l i p s o i d '  a r e  
smaller than t h e  corresponding parameters of t h e  i n t e r n a t i o n a l  r e fe rence  
e l l i p s o i d ,  t he  g e o i d a l  undula t ions  reFerred t o  the  ' s a t e l l i t e  e l l i p s o i d ' ,  
appear t o  show some accen tua t ion  of e q u a t o r i a l  "highs" and damping of 
po la r  "highs. " However, t h i s  argument may hold only f o r  t h e  gene ra l  
p a t t e r n  of these  d i f f e r e n c e s  and no t  give a s y s t e m a t i c  change i n  
magnitude a 
20 
The d a t a  of Table 4 b r ing  out one impor tan t  p o i n t .  U n t i l  r e c e n t l y  
i t  had been be l i eved  on t h e  b a s i s  of grav imet r ic  d a t a  t h a t  t he  maximum 
d e v i a t i o n  of t h e  geoid from t h e  re ference  s u r f a c e  of t he  i n t e r n a t i o n a l  
e l l i p s o i d  w a s  n o t  more than 30 t o  40 meters. A s  seen ,  t h e  d i f f e r e n c e s  
ob ta ined  f o r  an 8 th  degree f i t  are of t h e  o rde r  of 100 meters  o r  more. 
I n  connection w i t h  Figures 8 and 9 i n  which t h e  g e o i d a l  undula t ions  
are r e f e r r e d  t o  a best-f  i t t i n g  s a t e l l i t e - d e r i v e d  sphero id  the  r e fe rence  
g e o p o t e n t i a l  (V ) w a s  def ined  by 1 
J n= 2 
where C are t h e  zonal  harmonic c o e f f i c i e n t s  and P ( s i n $ )  t h e  Legendre 
polynomials. A s  i s  obvious, i t  i s  an a x i a l l y  symmetrical s u r f a c e  but 
no t  an  e q u a t o r i a l l y  symmetrical one, 
meters and -93 meters i n  the  case  of Figure 8 and are of t h e  same 
magnitude as t hose  computed by s e t t i n g  both  C and C equa l  t o  zero .  
D n 
The m a x i m u m  g e o i d a l  dev ia t ions  are +69 
20 40 
Gravi ty  Anomalies 
F igures  13 t o  15 are  t h e  f r ee -a i r  anomaly maps obtained from t h e  
mean c o e f f i c i e n t s  and r e f e r r e d  t o  t h e  i n t e r n a t i o n a l  g r a v i t y  formula. 
F igure  16 is  a s imi la r  map obtained by Kaula (1966) from a combination 
-42- 
of sur face  g rav i ty  d a t a  and sa te l l i t e  g r a v i t y  information and r e f e r r e d  
t o  t h e  i n t e r n a t i o n a l  g rav i ty  formula. Although t h e s e  maps show broad- 
s c a l e  agreement on some f e a t u r e s ,  t h e r e  are s i g n i f i c a n t  d i f f e r e n c e s  on 
o t h e r s .  A t  long. 140' and lat .  5', Figure 13 shows p o s i t i v e  v a l u e s  
ranging from 10 t o  15 m i l l i g a l s ;  Figure 1 4 ,  nega t ive  va lues  of -2 t o  
-6 m i l l i g a l s ;  and Figure 15, again p o s i t i v e  va lues  of 4 t o  8 m i l l i g a l s .  
A t  long. 165' and l a t .  15"S, t he  g r a v i t y  anomaly is  0 m i l l i g a l ,  according 
t o  Figure 13; -17 m i l l i g a l s ,  according t o  Figure 14; and about -1 t o  
-2 m i l l i g a l s ,  according t o  Figure 15. To the  SW of A u s t r a l i a ,  a t  long. 
115' and lat. 35'S, Figure 13 shows a g r a v i t y  anomaly of -27 m i l l i g a l s ;  
Figure 14, -17 m i l l i g a l s ;  and Figure 15, -23 m i l l i g a l s .  
The magnitude and p o s i t i o n  of the  nega t ive  anomaly over and around 
Ceylon i n  t h e  Indian Ocean agrees  wi th in  reasonable  l i m i t s  on t h e  t h r e e  
maps. 
A t  t he  w e s t  coas t  of t h e  North American cont inent  around la t .  50°N, 
Figure 13 shows an anomaly of 3-5 m i l l i g a l s ;  Figure 1 4 ,  8 t o  10 m i l l i g a l s ;  
and Figure 15, 7 t o  9 m i l l i g a l s .  
Now compare these  maps with t h e  g r a v i t y  anomaly map given i n  
Figure 16. Considerable d i sc repanc ie s  i n  the  l o c a t i o n s  and i n  the  s i z e s  
of t h e  g rav i ty  anomalies can be  seen  a t  once. These d i f f e r e n c e s  can 
be r e l a t e d  to  the  d i f f e r e n c e  i n  input  d a t a  and t h e  f a c t  t h a t  some of 
Kaula 's  c o e f f i c i e n t s  w e r e  f o r  a 14th degree f i t .  
The s h o r t  wavelength component of t h e  g r a v i t y  f i e l d  which is of 
i n t e r e s t  t o  t he  geophys ic i s t ,  is  t h e  one most poorly represented  i n  
these  r e s u l t s ,  f o r  a s  i nd ica t ed  earlier,  with an 8th degree f i t  t he  
r e s u l t s  represent  average va lues  f o r  a r e a s  22" x 22' i n  s i z e .  They 
the re fo re  can only o u t l i n e  r eg iona l  a r e a s  of anomalous g rav i ty .  That 
they  do accomplish t h i s  purpose is shown by a comparison of t h e s e  
r e s u l t s  with t h e  a v a i l a b l e  s u r f a c e  g r a v i t y  information expressed as 
f r e e - a i r  anomalies. F i g u r e  1 7  shows a f r e e - a i r  anomaly map f o r  t he  
North At l an t i c  Ocean which t akes  i n  a po r t ion  of t h e  g r a v i t y  "high" 
def ined south of Greenland and t h e  g r a v i t y  "low" def ined i n  the  e a s t e r n  
North Atlantic Ocean on both Figure 15 and Figure 16. 
reg iona l  v a r i a t i o n s  i n  f r e e - a i r  anomaly va lues  i n  the  P a c i f i c  Ocean 
i n  terms of a reas  having anomalies > +20 mgals o r  > -20 mgals, and with 
no dominant s ign .  The agreement of t h e  s a t e l l i t e - d e r i v e d  maps with t h e  
sur face-gravi ty  anomaly maps i s  on t h e  whole good, and as would be 
expected, Kaula 's  map (Fig.  16) appears  t o  be somewhat b e t t e r ,  e s p e c i a l l y  
i n  t h e  A t l a n t i c  Ocean, s i n c e  h i s  map w a s  der ived us ing  both t h e  a v a i l a b l e  
s u r f a c e  g rav i ty  d a t a  and c o e f f i c i e n t s  f o r  a h ighe r  degree of f i t .  
Figure 18  shows 
There appears  t o  be l i t t l e  ques t ion  about t h e  a p p l i c a t i o n  of satel- 
l i t e  data f o r  determining a r e a s  of anomalous mass a s soc ia t ed  with t h e  
ear th , ,  o r  i n  t h e  u s e  of sa te l l i te  d a t a  i n  using Stokes '  theorem f o r  def in-  
i ng  the  g r a v i t y  f i e l d  f o r  areas remote from a po in t .  
The s i g n i f i c a n c e  of t h e  anomalous areas of g r a v i t y ,  however, i s  
no t  too  c l e a r .  Because of t he  long wavelengths por t rayed ,  t h e  anomalous 
mass could be  deep s e a t e d  o r  r q r e s e n t  t h e  i n t e g r a t e d  e f f e c t  of a 
number of shallow mass anomalies located i n  t h e  upper mantle o r  c r u s t .  
In  e i t h e r  case t h e r e  would a l s o  be a con t r ibu t ion  from s u r f a c e  topography. 
The f a c t  t h a t  t he  topographic e f f e c t  only appears  t o  b e  of secondary 
importance stresses t h e  need f o r  geophysical i n v e s t i g a t i o n s  i n  t h e s e  
areas. Some of them such as t h e  p o s i t i v e  anomaly area over t h e  Mid- 
Atlantic Ridge are known t o  be cha rac t e r i zed  by anomalous geophys ica l  
r e l a t i o n s :  a sub-normal mantle v e l o c i t y ,  pronounced magnetic anomalies, 
h igh  h e a t  flow along t h e  crest of t h e  r idge  but sub-normal h e a t  f low 
a long  t h e  f l a n k s .  However, i t  is d i f f i c u l t  t o  r e c o n c i l e  t h e s e  observa- 
t i o n s  wi th  t h e  anomalous g r a v i t y  f i e l d  which conforms c l o s e l y  wi th  t h e  
r e g i o n a l  topographic r e l i e f  and which the Bouguer anomalies i n d i c a t e  
is  compensated without p o s t u l a t i n g  tha t  t h e  sub-normal mantle v e l o c i t y  
v a l u e s  are i n d i c a t i v e  of h igher  than normal d e n s i t y  va lues  o r  t h a t  t h e r e  
is deeper ,  as y e t  undiscovered, layer ing  i n  t h e  upper mantle. Worzel 
(1965) h a s  shown t h r e e  p o s s i b l e  t h e o r e t i c a l  mass d i s t r i b u t i o n s ,  a l l  
i n  t h e  upper 30 km of t h e  c r u s t  t o  expla in  t h e  observed g r a v i t y  r e l a t i o n s  
ove r  t h e  Mid-Atlantic Ridge. Cook (1962) has  p o s t u l a t e d  t h a t  t h e  
apparent sub-normal mantle v e l o c i t i e s  a r e  due t o  a mixture of c r u s t a l  
and mantle materials as a r e s u l t  of convection wi th  a t t e n d a n t  h igh  
h e a t  flow. While eminently reasonable  f o r  t h e  Mid-Atlantic Ridge, 
t h e s e  exp lana t ions  do n o t  e x p l a i n  the r e l a t i o n s  i n  t h e  Ind ian  Ocean 
area where t h e  sa te l l i t e  d a t a  d e f i n e  a broad nega t ive  anomaly area 
t h a t  appears  t o  be r e l a t e d  t o  a s t a b l e  ocean b a s i n  reg ion  ly ing  between 
a narrow vo lcan ic  r i d g e  and a rise (of t h e  Mid-Atlantic Ridge type) 
which has many of t h e  geophys ica l  a s soc ia t ions  noted f o r  t h e  Mid- 
A t l a n t i c  Ridge. 
I t  i s  t h i s  l a c k  of cons is tency  between g r a v i t y  and o t h e r  geophysical 
r e l a t i o n s  on a r e g i o n a l  scale t h a t  r a i s e s  doubts as  t o  i n t e r p r e t a t i o n s  
t h a t  have been p laced  on t h e  d a t a  and poin t  up t h e  need f o r  more exten- 
s i v e  geophys ica l  s t u d i e s  i n  a r e a s  of anomalous g r a v i t y .  I t  is  only 
a f t e r  such ex tens ive  geophys ica l  d a t a  have become a v a i l a b l e ,  t h a t  a 
s o p h i s t i c a t e d  s t a t i s t i c a l  a n a l y s i s  w i l l  g ive  meaningful resul ts .  
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Fig. 18. Regional variations in free-air gravity anomaly values in the 
Pacific Ocean. 
